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THE RELATIVE UNITS-PICARD COMPLEX AND THE BRAUER
GROUP OF A PRODUCT
CRISTIAN D. GONZA´LEZ-AVILE´S
Abstract. We introduce the relative units-Picard complex of an arbitrary mor-
phism of schemes and apply it to the problem of describing the (cohomological)
Brauer group of a (fiber) product of schemes in terms of the Brauer groups of the
factors. Under certain hypotheses, we obtain a five-term exact sequence involving
the preceding groups which enables us to solve the indicated problem for, e.g., a
class of ruled varieties over a field of characteristic zero.
1. Introduction
In this paper a k-variety, where k is a field, is a geometrically integral k-scheme
of finite type.
Let k be a field with fixed separable closure k s, set Γ = Gal(k s/k) and let X be a
k-variety. When char k = 0, Borovoi and van Hamel introduced in [BvH] a complex
UPic(Xs) of Γ -modules of length 2 (in degrees 0 and 1) whose zero-th cohomology
is the group of relative units Uk(X
s) = k s[X ]∗/(k s)∗ and first cohomology is PicXs,
where Xs = X ×k k
s. As an application of their construction, they showed that a
certain variant of the elementary obstruction of Colliot-The´le`ne and Sansuc [CTS,
Definition 2.2.1, p. 413] to the existence of a rational point on a torsor under a
(smooth) linear algebraic k-group G corresponds to a class in Borovoi’s abelian co-
homology group H1ab(k,G), thereby providing a cohomological interpretation of this
obstruction. Later, Harari and Skorobogatov, motivated also by their investigations
of rational (and integral) points on schemes over number fields (and their rings of
integers), introduced in [HSk] a generalization of the Borovoi-van Hamel complex
and used it to extend to a general smooth k-variety the descent theory of Colliot-
The´le`ne and Sansuc [CTS], which is developed under the hypothesis Uk(X
s) = 0.
The aforementioned descent theory depends, in part, on rather intricate computa-
tions with spectral sequences (see, especially, the 11-page appendix [CTS, Appendix
1.A, pp. 397-407]), as well as on some delicate explicit computations with cocycles
[CTS, Proposition 3.3.2 and Lemma 3.3.3]. Harari and Skorobogatov showed that,
by working instead (primarily) with derived categories and hypercohomology of
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complexes, a number of technical simplifications could be achieved in their (more
general) descent theory.
In this paper we associate to an arbitrary morphism of schemes f : X → S a
relative units-Picard complex UPicX/S in degrees −1 and 0 (regarded as an object of
the derived category D b(Se´t)) which generalizes the Borovoi-van Hamel and Harari-
Skorobogatov complexes. If f is schematically dominant (as is the case when S =
Spec k, where k is a field), H−1(UPicX/S) = UX/S = Coker[Gm,S → f∗Gm,X ] is the
e´tale sheaf of relative units of X over S, where the indicated morphism of e´tale
sheaves on S is induced by f , and H 0(UPicX/S) = PicX/S = R
1
e´tf∗Gm,X is the (e´tale)
Picard functor of X over S. Thus UPicX/S is, indeed, a natural generalization of the
Borovoi-van Hamel complex UPic(Xs) and, like UPic(Xs), UPicX/S is well-suited
for studying obstructions to the existence of a section of f when X is a torsor
under a smooth S-group scheme G with connected fibers whose maximal fibers
Gη are rational over k(η)
s. The indicated rationality hypothesis arises as follows.
When char k = 0, a key ingredient for relating the Borovoi-van Hamel elementary
obstruction to the abelian cohomology group H1ab(k,G), via [San81, Lemma 6.4], is
the additivity lemma [BvH, Lemma 5.1]
(1.1) UPic(Xs×k sY
s) ≃ UPic(Xs)⊕ UPic(Y s),
where X and Y are smooth k-varieties and Y s is rational. The proof of (1.1)
combines Rosenlicht’s additivity theorem Uk(X
s)⊕ Uk(Y
s)
∼
→ Uk(X
s×k s Y
s) [Ros,
Theorem 2] and a lemma of Colliot-The´le`ne and Sansuc [CTS77, Lemma 11, p. 188]
which states that the canonical injection PicXs ⊕ PicY s →֒ Pic(Xs×k s Y
s) is an
isomorphism if X and Y are smooth k-varieties and Y s is rational. Rosenlicht’s
additivity theorem holds true in a much broader setting and independently of any
rationality hypotheses. Indeed, it is shown in [GA, Corollary 4.3] that, if S is a
reduced scheme and f : X → S and g : Y → S are faithfully flat morphisms locally
of finite presentation with reduced and connected maximal geometric fibers and
f×S g : X×S Y → S has an e´tale quasi-section (e.g., is smooth), then there exists a
canonical isomorphism of e´tale sheaves on S
(1.2) UX/S ⊕UY/S
∼
→ UX×SY/S.
On the other hand, that part of the proof of (1.1) in [BvH] which relies on the Colliot-
The´le`ne-Sansuc isomorphism can be shown to follow from the weaker statement
(1.3) Pic(Xs×k sY
s)Γ ≃ (PicXs)Γ ⊕ (Pic Y s)Γ ,
which certainly holds if either Xs or Y s is rational but also, for example, for pairs of
abelian varieties X and Y such that Homk(X, Y ) = 0 [GA, Corollary 5.11]. When
(1.3) is satisfied by the maximal fibers of f×S g : X×SY → S, and certain additional
hypotheses on S,X, Y, f and g hold, the canonical morphism PicX/S ⊕ PicY/S →
PicX×SY /S is an isomorphism of e´tale sheaves on S. In conjunction with (1.2), the
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latter yields an isomorphism
(1.4) UPicX×SY/S ≃UPicX/S ⊕UPicY/S
in D b(Se´t) which generalizes (1.1). In analogy to the Borovoi-van Hamel approach,
(1.4) will be shown (elsewhere) to be relevant in relating certain obstructions to the
existence of a section of X → S, where S is a connected Dedekind scheme and X is
a torsor under a reductive S-group scheme G, to the abelian class group Cab(G) of
G introduced in [GA13], which is a certain subgroup of H1ab(Sfppf , G).
In the present paper we develop a different application of (1.4), namely to the
problem of describing the (cohomological) Brauer group of a product of schemes in
terms of the Brauer groups of the factors.
For any scheme X , let Br ′X = H 2(Xe´t,Gm,X) be the cohomological Brauer group
of X and, for any morphism of schemes f : X → S, let Br′X/S = R
2
e´tf∗Gm,X . Define
the e´tale index I(f ) = I(X) of f as the greatest common divisor of the degrees of
all finite e´tale quasi-sections of f of constant degree, if any exist. Note that I(f ) is
defined (and is equal to 1) if f has a section. There exist a canonical homomorphism
of abelian groups Br ′X → Br′X/S(S ) whose kernel (respectively, cokernel) is denoted
by Br′1(X/S ) (respectively, Br
′
2(X/S )) and a canonical map Br
′S → Br′1(X/S ) whose
cokernel is denoted by Br′a(X/S). When S = Spec k, where k is a field, and X is a
k-variety, the groups Br′1(X/k) and Br
′
a(X/k) were discussed by Sansuc in [San81].
If X is smooth and projective, the group Br ′2(X/k) was discussed by Colliot-The´le`ne
and Skorobogatov in [CTSk] (and denoted by Cokerα there). By [CTSk, Theorem
2.1], Br ′2(X/k) is a finite group if k is a field of characteristic zero.
Now, it is shown in [San81, Lemma 6.3, (ii) and (iv)] that, if either X(k) 6= ∅ or
H 3(k,Gm,k) = 0, then Br
′
a(X/k) fits into an exact sequence of abelian groups
(1.5) · · · → H2(k, Uk(X
s))→ Br′a(X/k)→ H
1(k,PicXs)→ . . . .
Sansuc derived the above sequence from the exact sequence of terms of low degree
corresponding to the Hochschild-Serre spectral sequence H p(Γ,H q(Xs,Gm,Xs)) =⇒
Hp+q(X,Gm,X), where Γ = Gal
(
k s/k
)
. Under the same hypotheses, Borovoi and
van Hamel showed that there exists a canonical isomorphism of abelian groups
(1.6) Br′a(X/k)
∼
→ H1(k,UPic(Xs))
[BvH, Corollary 2.20(ii)] which identifies (1.5) with a part of an infinite hyperco-
homology sequence arising from a distinguished triangle in the derived category
Db((Spec k)e´t). The isomorphism (1.6) is, in fact, valid over any base scheme S in
the following sense: if either I(f ) is defined and is equal to 1 or H 3(Se´t,Gm,S) = 0,
then there exists a canonical isomorphism of abelian groups
(1.7) Br′a(X/S)
∼
→ H 1(Se´t,UPicX/S).
4 CRISTIAN D. GONZA´LEZ-AVILE´S
Under an appropriate set of conditions (see Corollary (4.5)), (1.4) and (1.7) together
yield the additivity theorem
(1.8) Br′a(X×SY/S ) ≃ Br
′
a(X/S)⊕Br
′
a(Y/S ),
which generalizes [San81, Lemma 6.6(ii)].
Under another appropriate set of conditions, we show in the proof of Proposition
4.6 that the canonical map
(1.9) Br′2(X/S )⊕Br
′
2(Y/S )→ Br
′
2(X×SY/S )
is injective. We then appropriately combine (1.8) and (1.9) to obtain the following
statement, which is the main theorem of the paper:
Theorem 1.1. (= Theorem 4.9) Let S be a locally noetherian regular scheme and
let f : X → S and g : Y → S be smooth and surjective morphisms. Assume that
(i) the e´tale index I(f×S g) is defined and is equal to 1,
(ii) for every point s ∈ S of codimension ≤ 1, the fibers Xs and Ys are geomet-
rically integral, and
(iii) for every maximal point η of S,
Pic(X sη×k(η)s Y
s
η )
Γ (η) = (PicX sη)
Γ (η)⊕ (Pic Y sη )
Γ (η),
where Γ (η) = Gal(k(η)s/k(η)).
Then there exists a canonical exact sequence of abelian groups
0→ Br ′S → Br ′X⊕Br ′Y → Br ′(X×S Y ) →
Br′X×SY/S(S )
Br′X/S(S )⊕Br
′
Y/S(S )
→
Br′2(X×SY/S )
Br′2(X/S )⊕Br
′
2(Y/S )
→ 0.
We now state some consequences of the above theorem for smooth and projective
k-varieties over a field k (chiefly of characteristic zero).
As noted above, hypothesis (iii) of the theorem is satisfied by pairs of abelian
k-varieties A and B such that Homk(A,B) = 0. Thus the theorem immediately
yields the following statement, which is a particular case of Corollary 5.3.
Corollary 1.2. Let k be a field and let A and B be abelian varieties over k such that
Homk(A,B) = 0. Then there exists a canonical exact sequence of abelian groups
0→ Brk →BrA⊕BrB → Br(A×kB) →
Br(As×k sB
s)Γ
(BrAs)Γ⊕(BrB s)Γ
→
Br2(A×kB/k)
Br2(A/k)⊕Br2(B/k)
→ 0.
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When k is a field of characteristic 0 and one of the factors is a smooth and projec-
tive k-variety X such that H1(Xs,OXs) = 0, then Theorem 1.1 yields particularly
simple statements. For example:
Corollary 1.3. (=part of Theorem 5.5) Let k be a field of characteristic zero and
let X and Y be smooth and projective k-varieties. Assume that
(i) the geometric Ne´ron-Severi group NS(Xs ) is torsion-free,
(ii) either H1(Xs,OXs) = 0 or H
1(Y s,OY s) = 0 and
(iii) the index of X×kY is 1.
Then there exists a canonical exact sequence of abelian groups
0→ Brk → Br(X×kY )→ (BrX/Brk)⊕(BrY/Brk)→ 0.
If (X×k Y )(k) 6= ∅, then the choice of a k-rational point on X×k Y determines a
splitting of the above sequence.
The proof of the corollary relies on a computation of Skorobogatov and Zarhin
[SZ] which depends on hypothesis (i) above. The next statement is immediate from
the above corollary.
Corollary 1.4. Let k be a field of characteristic zero such that Brk = 0 and let X
and Y be smooth and projective k-varieties such that hypotheses (i)-(iii) of Corollary
1.3 hold. Then there exists a canonical isomorphism of abelian groups
Br(X×kY ) = BrX⊕BrY.
Another consequence of Corollary 1.3 is the following statement, which applies, in
particular, to certain types of smooth and projective k-ruled k-varieties, i.e., smooth
and projective k-varieties which are k-birationally equivalent to X ×k P
1
k for some
smooth and projective k-variety X .
Corollary 1.5. Let k be a field of characteristic zero and let Z be a smooth and
projective k-variety which is k-birationally equivalent to a product X×kY of smooth
and projective k-varieties, where H1(Y s,OY s) = 0 and BrY = Brk. If NS(X
s ) is
torsion-free and X×k Y has index 1, then there exists an isomorphism of abelian
groups BrZ ≃ BrX.
Proof. By the birational invariance of the Brauer group of proper and regular schemes
over a field of characteristic zero, it suffices to check that the canonical pullback map
BrX → Br(X ×k Y ) is an isomorphism of abelian groups. This follows from the
commutative diagram of abelian groups
0 // Brk // BrX //

BrX/Brk // 0
0 // Brk // Br(X×kY ) // BrX/Brk // 0,
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whose top (respectively, bottom) row is exact since X has index 1 (respectively, by
Corollary 1.3). 
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2. Preliminaries
If A is an object of a category, the identity morphism of A will be denoted by 1A.
The category of abelian groups will be denoted by Ab.
When f : A→ B is an injective homomorphism of abelian groups (so that A can
be identified with Imf), we will sometimes write B/A for Coker f (this will be done
chiefly to avoid introducing additional notation).
The following consequence of the snake lemma will be applied several times in
this paper.
Lemma 2.1. If A is an abelian category and f and g are morphisms in A such that
g ◦f is defined, then there exists a canonical exact sequence in A
0→ Kerf → Ker(g ◦f )→ Kerg → Coker f → Coker(g ◦f )→ Coker g → 0.
If A is an abelian category, we will write C b(A) for the category of bounded
complexes of objects of A. The corresponding derived category will be denoted by
D b(A).
Recall that the mapping cone of a morphism of complexes u : A• → B• in C b(A)
is the complex C•(u) whose n-th component, where n ∈ Z, is C n(u) = An+1 ⊕ Bn
with differential dnC(u)(a, b) = (−d
n+1
A (a), u(a)+ d
n
B(b)), where a ∈ A
n+1 and b ∈ Bn.
Note that, if u : A → B is an injective morphism in A, then C•(u) = Coker u in
D b(A). Further, if
0→ A•
u
→ B•
v
→ C• → 0
is an exact sequence in C b(A), then v induces a quasi-isomorphism C•(u) ≃ C• and
we obtain a distinguished triangle in D b(A):
A• → B• → C• → A•[1].
See, for example, [Lip, p. 20].
Now, if A• is a complex in C b(A) and n ∈ Z, then the n-th truncation of A• is
the complex
τ≤nA
• = · · · → An−2 → An−1 → Ker[An → An+1]→ 0.
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For every n ∈ Z, there exists a canonical exact sequence in C b(A)
0→ τ≤n−1A
• → τ≤nA
• → Hn(A•)[−n]→ 0
which induces a distinguished triangle in D b(A):
(2.1) τ≤n−1A
• → τ≤nA
• → Hn(A•)[−n]→ (τ≤n−1A
•)[1].
Lemma 2.2. Let A be an abelian category and let A•
u
→ B •
v
→ C • be morphisms
in C b(A). Then there exists a distinguished triangle in D b(A)
C•(u)→ C•(v ◦u)→ C•(v)→ C•(u)[1].
Proof. This follows by applying the octahedral axiom [Ver, TRIV, p. 94] to the
distinguished triangles
A•
u
→ B • → C •(u)→ A•[1]
B •
v
→ C • → C •(v)→ B •[1]
A•
v◦u
−→C • → C•(v ◦ u)→ A•[1]
.

If S is a scheme, we will write Se´t for the small e´tale site over S. The category of
abelian sheaves on Se´t will be denoted by S
∼
e´t . If F ∈ S
∼
e´t and g : T → S is an e´tale
morphism, then the inverse image sheaf g∗F ∈ T ∼e´t is given by
(2.2) (g∗F )(Z) = F (Z),
where Z → T is an e´tale morphism and, on the right-hand side of the above equality,
Z is regarded as an S-scheme via the composite morphism Z → T
g
→ S. See, e.g.,
[T, p. 89]. If G is an S-group scheme, then G(Z) = GT (Z) and (2.2) yields the
following equality in T ∼e´t :
(2.3) g∗G = GT .
Recall that a morphism of schemes f : X → S is called schematically dominant if
the canonical homomorphism f# : OS → f∗OX of Zariski sheaves on S is injective
[EGA Inew , §5.4]. For example, if S is reduced and f : X → S is dominant, then
f is schematically dominant by [EGA Inew , Proposition 5.4.3, p. 284]. Further, if
f : X → S has a section, then f is schematically dominant by [GA, Lemma 2.3(iii)].
Recall now that an e´tale quasi-section of a morphism f : X → S is an e´tale and
surjective morphism α : T → S such that there exists an S-morphism h : T → X ,
i.e., f ◦ h = α. Note that the induced morphism (h, 1T )S : T → XT is then a section
of fT : XT → T . By [EGA, IV4, Corollary 17.16.3(ii)], every smooth and surjective
morphism of schemes X → S has an e´tale quasi-section.
Definition 2.3. Let f : X → S be a morphism of schemes which has a finite e´tale
quasi-section of constant degree. Then the e´tale index I(f ) of f is the greatest
common divisor of the degrees of all finite e´tale quasi-sections of f of constant
degree.
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If f : X → S has a finite e´tale quasi-section T → S of constant degree d (so
that I(f ) is defined) and Y → S is any S-scheme, then YT → Y is a finite e´tale
quasi-section of fY of constant degree d. It follows that I(fY ) is also defined and
(2.4) I(fY) |I(f ).
In particular, for every maximal point η of S, the e´tale (i.e., separable) index of
fη : Xη → η divides I(f ), i.e., I(fη) | I(f ). Note also that, if g : Y → S is another
morphism of schemes and α : T → S is an e´tale quasi-section of f×S g : X×SY → S
of constant degree d with associated S-morphism h : T → X×S Y , then α is also
an e´tale quasi-section of f and g with associated S-morphisms pX ◦h : T → X and
pY ◦h : T → Y , respectively. It follows that, if I(f ×S g) is defined, then I(f ) and
I(g) are both defined and they divide I(f×S g). Consequently
(2.5) I(f×S g) = 1 =⇒ I(fη) = I(gη) = 1
for every maximal point η of S.
Note, in addition, that the degree of a finite e´tale quasi-section α : T → S of
f : X → S is constant over each connected component of S. Thus, if S is connected,
then the degree of α is constant. Henceforth, the statement f has a finite e´tale quasi-
section of constant degree will be abbreviated to the e´tale index of f is defined. Note
that the statement I(f ) is defined and is equal to 1 clearly holds if f has a section.
If k is a field, we let k s be a fixed separable closure of k and write Γ = Gal(k s/k)
for the corresponding absolute Galois group. If X is a k-scheme, we will write
Xs = X×k Spec k
s.
Remarks 2.4.
(a) If k is a field and X → Spec k is a (non-empty) geometrically reduced k-
scheme locally of finite type, then the e´tale (i.e., separable) index I(X) of X
is defined. See [GA, p. 6].
(b) If S is a non-empty open affine subscheme of a proper, smooth and geomet-
rically connected curve over a finite field and f : X → S is a smooth and
surjective morphism with geometrically irreducible generic fiber, then f has
a finite e´tale quasi-section of constant degree (since S is connected), i.e., I(f )
is defined. See [Tam, Theorem (0.1)].
If f : X → S is a morphism of schemes, we will write
(2.6) f ♭ : Gm,S → f∗Gm,X
for the canonical morphism of abelian sheaves on Se´t induced by f . Let Y
g
→ X
f
→ S
be morphisms of S-schemes. We will make the identification (f ◦g)∗ = f∗◦g∗. Then
(f ◦ g)♭ : Gm,S → f∗(g∗Gm,Y) factors as
Gm,S
f ♭
→ f∗Gm,X
f∗(g♭)
−→ f∗(g∗Gm,Y),
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i.e.,
(2.7) f∗(g
♭)◦f ♭ = (f ◦g)♭.
In particular, if σ : S → X is a section of f , then (2.7) yields
(2.8) f∗(σ
♭)◦f ♭ = 1Gm,S .
Recall now that, if f : X → S is morphism of schemes, then the (e´tale) relative
Picard functor of X over S is the e´tale sheaf PicX/S on S associated to the presheaf
(Sch/S )→ Ab, (T → S) 7→ PicXT . We have
(2.9) PicX/S = R
1
e´tf∗Gm,X .
See [Klei, §2] and/or [BLR, §8.1] for basic information on PicX/S.
We will write BrX for the Brauer group of equivalence classes of Azumaya al-
gebras on X and Br ′X for the full cohomological Brauer group of X , i.e., Br ′X =
H2(Xe´t,Gm,X) (see the following Remark). Further, we let
(2.10) Br′X/S = R
2
e´tf∗Gm,X
be the sheaf on Se´t associated to the presheaf (T → S) 7→ Br
′XT .
Remark 2.5. The torsion subgroup (Br ′X)tors = H
2(Xe´t,Gm,X)tors of Br
′X is often
(also) called the cohomological Brauer group of X . If X is regular and noetherian,
then Br ′X is, in fact, a torsion group [GB, II, Proposition 1.4], whence Br ′X =
(Br ′X)tors. In general, there exists a canonical injection BrX → Br
′X which factors
through (Br ′X)tors if X is quasi-compact [GB, I, §2]. On the other hand, by a
theorem of Gabber [J], the canonical map BrX → (Br ′X)tors is an isomorphism if
X is quasi-compact, separated and admits an ample invertible sheaf. We conclude
that, if X is noetherian, regular, separated and there exists an ample invertible sheaf
on X , then BrX = (Br ′X)tors = Br
′X .
The Cartan-Leray spectral sequence associated to f
(2.11) H r(Se´t, R
sf∗Gm,X)⇒ H
r+s(Xe´t,Gm,X)
provides edge morphisms erf : H
r(Se´t, f∗Gm,X)→ H
r(Xe´t,Gm,X) for every r ≥ 0. On
the other hand, there exists a canonical pullback map
(2.12) f (r) : H r(Se´t,Gm,S)→ H
r(Xe´t,Gm,X),
namely the composition
H r(Se´t,Gm,S)
Hr(f ♭)
−→ H r(Se´t, f∗Gm,X)
erf
−→ H r(Xe´t,Gm,X),
where f ♭ is the map (2.6). When r = 1 (respectively, r = 2), (2.12) will be identified
with (respectively, denoted by) the canonical map Picf : PicS → PicX (respec-
tively, Br ′f : Br ′S → Br ′X). Note that f (r) (2.12) is injective if the e´tale index I(f )
of f is defined and is equal to 1 [GA, Remark 3.1(d)].
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The relative cohomological Brauer group of X over S is
(2.13) Br ′(X/S) = Ker[Br ′f : Br ′S → Br ′X ] .
Thus, we have a functor
(2.14) Br ′(−/S) : (Sch/S )→ Ab, (X
f
→ S) 7→ Br ′(X/S).
We will also need to consider the abelian groups
(2.15) NPic(X/S) = Coker Picf
and
(2.16) NBr ′(X/S) = Coker Br ′f,
which define functors
(2.17) NPic(−/S) : (Sch/S )→ Ab, (X → S) 7→ NPic(X/S),
and
(2.18) NBr ′(−/S) : (Sch/S )→ Ab, (X → S) 7→ NBr ′(X/S).
Next, there exists a canonical homomorphism of abelian groups
(2.19) Br ′X→Br′X/S(S)
which is an instance of the canonical adjoint homomorphism P (S)→ P#(S), where
P is a presheaf of abelian groups on (Sch/S) and P# is its associated (e´tale) sheaf
[T, Remark, p. 46]. Let
(2.20) Br′1(X/S ) = Ker
[
Br ′X→Br′X/S(S )
]
and
(2.21) Br′2(X/S ) = Coker[Br
′X → Br′X/S(S )],
where the indicated map is (2.19).
Now, by [Mil, p. 309, line 8], the Cartan-Leray spectral sequence (2.11) induces
an exact sequence of abelian groups
0 → H 1(Se´t, f∗Gm,X)
e1f
→ PicX → PicX/S(S)→ H
2(Se´t, f∗Gm,X)
λX/S
→ Br′1(X/S )→ H
1(Se´t,PicX/S)→ H
3(Se´t, f∗Gm,X),
where the map λX/S has the following property: the composition
H 2(Se´t, f∗Gm,X)
λX/S
→ Br′1(X/S ) →֒ Br
′X
is the second edge morphism e2f : H
2(Se´t, f∗Gm,X) → Br
′X . Consequently, the map
Br ′f = e2f ◦H
2(f ♭) factors as
Br ′S
H2(f ♭)
−→ H 2(Se´t, f∗Gm,X)
λX/S
→ Br′1(X/S ) →֒ Br
′X.
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We will write
(2.22) Br∗f : Br ′S → Br′1(X/S )
for the composition
Br ′S
H2(f ♭)
−→ H 2(Se´t, f∗Gm,X)
λX/S
→ Br′1(X/S ).
Clearly, KerBr∗f = KerBr ′f = Br ′(X/S). Now set
(2.23) Br′a(X/S) = Coker[Br
∗f : Br ′S → Br′1(X/S )] .
Thus, in addition to (2.14) and (2.18), we have the functors
(2.24) Br ′1(−/S) : (Sch/S )→ Ab, (X → S) 7→ Br
′
1(X/S ),
(2.25) Br ′2(−/S) : (Sch/S )→ Ab, (X → S) 7→ Br
′
2(X/S )
and
(2.26) Br ′a(−/S) : (Sch/S )→ Ab, (X → S) 7→ Br
′
a(X/S).
The functors (2.14), (2.24), (2.25) and (2.26) are related by canonical exact sequences
(2.27) 0→ Br ′(X/S)→ Br ′S
Br∗f
−→ Br′1(X/S )→ Br
′
a(X/S)→ 0
and
(2.28) 0→ Br′1(X/S )→ Br
′X → Br′X/S(S )→ Br
′
2(X/S )→ 0
where the middle map in the second sequence is the homomorphism (2.19). An
application of Lemma 2.1 to the pair of maps
Br ′S
Br∗f
−→ Br′1(X/S ) →֒ Br
′X
using the exactness of (2.27) and (2.28) yields the following exact sequence which
includes NBr ′(X/S) (2.16):
(2.29) 0→ Br′a(X/S)→ NBr
′(X/S)→ Br′X/S(S )→ Br
′
2(X/S )→ 0.
Remarks 2.6.
(a) Note that Br(−)/S (2.10) defines a functor (Sch/S) → S
∼
e´t which maps 1S
to the zero sheaf. It follows that, if F : (Sch/S ) → Ab denotes one of the
functors Br ′(−/S), NBr ′(−/S), Br ′2(−/S) or Br
′
a(−/S), then F (1S) = 0.
In particular, all four functors which appear in the sequence (2.29) have
this property. Note, however, that the functor Br ′1(−/S) appearing in the
sequences (2.27) and (2.28) does not have the indicated property.
(b) The functor Br ′0(−/S) : (Sch/S ) → Ab, (X
f
→ S) 7→ ImBr ′f, has also been
considered in the literature (at least when S is the spectrum of a field). But
this functor will not play an explicit role in this paper.
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(c) If k is a field and f : X → Spec k is quasi-compact and quasi-separated, then
Br ′X/k(k) = (Br
′Xs)Γ by [T, II, Corollary 2.2(ii), p. 94, formula on p. 118,
line 8, and Theorem 6.4.1, p. 128]. In this case the group (2.20)
Br ′1(X/k) = Ker
[
Br ′X→ (Br ′Xs)Γ
]
,
is called the (cohomological) algebraic Brauer group of X . The group
Br ′t(X/k) = Im
[
Br ′X→ (Br ′Xs)Γ
]
is called the (cohomological) transcendental Brauer group of X . Note that
Br ′t(X/k) is canonically isomorphic to Ker[(Br
′Xs)Γ → Br ′2(X/k)], where
the indicated map is the last nontrivial map in (2.28) for S = Spec k.
(d) IfX and S are separated regular and noetherian schemes, both equipped with
an ample invertible sheaf, then Br ′S = BrS and Br ′X = BrX by Remark
2.5. It then follows that all primed groups defined above ((2.13), (2.16), etc.)
coincide with the similarly-defined unprimed groups (of equivalence classes
of Azumaya algebras).
(e) It is shown in [CTSk, Theorem 2.1] that, if k is a field of characteristic zero
and X is a smooth and projective k-variety, then Br ′2(X/k) = Br2(X/k) is a
finite group.
Recall that a locally noetherian scheme X is called locally factorial if, for every
x ∈ X , the local ring OX,x is factorial. The following implications hold for locally
noetherian schemes: regular =⇒ locally factorial =⇒ normal. Recall also that,
if S is a scheme and η is a maximal point of S, then Γ (η) = Gal(k(η)s/k), where
k(η)s is a fixed separable closure of k(η).
The following statement is a consequence of results in [GA].
Proposition 2.7. Let S be a locally noetherian normal scheme and let f : X → S
and g : Y → S be faithfully flat morphisms locally of finite type. Assume that
(i) X, Y and X×S Y are locally factorial,
(ii) for every point s ∈ S of codimension ≤ 1, the fibers Xs and Ys are geomet-
rically integral and
(iii) for every maximal point η of S,
(a) gcd(I(Xη), I(Yη)) = 1 and
(b) Pic(X sη×k(η)s Y
s
η )
Γ (η) = (PicX sη)
Γ (η)⊕ (Pic Y sη )
Γ (η).
Then the canonical map
NPic(X/S)⊕ NPic(Y/S)→ NPic(X×S Y/S)
is an isomorphism of abelian groups.
Proof. The general hypotheses together with (i) and (ii) show that the map of the
statement can be identified with the canonical map∏
(PicXη ⊕Pic Yη)→
∏
Pic(Xη×k(η) Yη),
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where the products run over the set of maximal points η of S. See [GA, Propo-
sition 5.4]. Now, since (iii) holds, the preceding map is an isomorphism by [GA,
Proposition 5.8]. 
3. The relative units-Picard complex
Let f : X → S be a morphism of schemes. By (2.1), for every n ∈ N there exists
a canonical distinguished triangle in D b(Se´t)
(3.1) τ≤n−1Rf∗Gm,X → τ≤nRf∗Gm,X → R
nf∗Gm,X [−n]→ (τ≤n−1Rf∗Gm,X)[1].
We will write
(3.2) inf : τ≤n−1Rf∗Gm,X → τ≤nRf∗Gm,X
for the first map in (3.1). Thus there exists a canonical isomorphism in D b(Se´t)
(3.3) C •(inf ) = R
nf∗Gm,X [−n].
If r ≤ n, we will identify H r(Se´t, τ≤nRf∗Gm,X) and H
r(Xe´t,Gm,X) via the canonical
isomorphisms
(3.4) H r(Se´t, τ≤nRf∗Gm,X) ≃ H
r(Se´t,Rf∗Gm,X) ≃ H
r(Xe´t,Gm,X).
Cf. [Lip, Corollary 3.2.3.3, p. 85]. In particular, H 2(Se´t, τ≤2Rf∗Gm,X) = Br
′X .
Further, under the identifications (3.4), H 3(Se´t, i
3
f ) is a map
(3.5) H 3(Se´t, i
3
f ) : H
3(Se´t, τ≤2Rf∗Gm,X) →֒ H
3(Xe´t,Gm,X),
where the injectivity comes from (3.1).
Now set
(3.6) RDivX/S = (τ≤1Rf∗Gm,X)[1] ∈ D
b(Se´t).
Recalling the definitions of PicX/S (2.9) and Br
′
X/S (2.10), setting n = 1 and n = 2
in (3.1) and shifting appropriately, we obtain distinguished triangles
(3.7) f∗Gm,X [1]→ RDivX/S → PicX/S → f∗Gm,X [2]
and
(3.8) RDivX/S [−1]
i2f
→ τ≤2Rf∗Gm,X → Br
′
X/S[−2]→ RDivX/S.
We will write
(3.9) ϕX/S : H
2(Se´t,RDivX/S)→ H
3(Xe´t,Gm,X)
for the composition
(3.10) H 2(Se´t,RDivX/S)
H3(i2f )
−→ H 3(Se´t, τ≤2Rf∗Gm,X)
H3(i3f )
→֒ H 3(Xe´t,Gm,X),
where the indicated injection is the map (3.5).
Lemma 3.1. Let f : X → S be a morphism of schemes. Then
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(i) H r(Se´t,RDivX/S) = 0 for all r ≤ −2,
(ii) H−1(Se´t,RDivX/S) = Gm,S(X),
(iii) H 0(Se´t,RDivX/S) = PicX,
(iv) H 1(Se´t,RDivX/S) = Br
′
1(X/S ) (2.20), and
(v) there exists a canonical isomorphism of abelian groups
Ker
[
H 2(Se´t,RDivX/S)
ϕX/S
−→ H 3(Xe´t,Gm,X)
]
= Br′2(X/S ),
where ϕX/S is the map (3.9) and Br
′
2(X/S ) is the group (2.21).
Proof. Assertion (i) is immediate from (3.7). Now, if i = −1 or 0, then
H i(Se´t,RDivX/S) = H
i+1(Se´t, τ≤1Rf∗Gm,X) = H
i+1(Xe´t,Gm,X)
by (3.4), whence (ii) and (iii) follow. Further, (3.8) induces an exact sequence
0→H 1(Se´t,RDivX/S)→Br
′X→Br′X/S(S )→H
2(Se´t,RDivX/S)→H
3(Se´t, τ≤2Rf∗Gm,X),
where the last map is H 3(Se´t, i
2
f ). Assertions (iv) and (v) now follow by comparing
the above sequence and (2.28) and noting that KerϕX/S = KerH
3(Se´t, i
2
f ) by (3.10).

We now define the (e´tale) complex of relative units of X over S by
(3.11) RUX/S = C
•(f ♭) ∈ D b(Se´t),
where f ♭ : Gm,S → f∗Gm,X is the map (2.6). Clearly, RUX/S fits into a distinguished
triangle
Gm,S
f ♭
→ f∗Gm,X → RUX/S → Gm,S [1].
The e´tale sheaf of relative units of X over S is
UX/S = H
0(RUX/S) = Cokerf
♭.
We will write
(3.12) US(X) = UX/S(S).
Now let
(3.13) f ♮ : Gm,S → τ≤1Rf∗Gm,X
be the following composition of morphisms in D b(Se´t):
(3.14) Gm,S
f ♭
→ f∗Gm,X
i1f
−→ τ≤1Rf∗Gm,X ,
where i1f is the map (3.2) for n = 1. The relative units-Picard complex of X over S
is the following object of D b(Se´t):
(3.15) UPicX/S = C
•(f ♮)[1] = C •(f ♮[1]).
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Remark 3.2. If α : T → S is a finite, e´tale and surjective morphism of schemes of
constant degree d, then it follows from (2.2) that α∗UPicX/S = UPicXT/T in D
b(Te´t).
On the other hand, [SGA 4, IX, §5.1] implies that there exist canonical restriction
and corestriction (or trace) morphisms (in D b(Se´t)) res : UPicX/S → α∗α
∗UPicX/S
and tr: α∗α
∗UPicX/S → UPicX/S such that tr ◦ res is the multiplication by d map
on UPicX/S. Consequently, for every integer r ≥ 0, there exist canonical restric-
tion and corestriction homomorphisms of abelian groups res : H r(Se´t,UPicX/S) →
H r(Te´t,UPicXT/T ) and tr : H
r(Te´t,UPicXT/T ) → H
r(Se´t,UPicX/S ) such that tr ◦ res
is the multiplication by d map on H r(Se´t,UPicX/S).
By (3.6), (3.13) and (3.15), there exists a canonical distinguished triangle in
D b(Se´t):
(3.16) Gm,S [1]
f ♮[1]
−→ RDivX/S →UPicX/S → Gm,S [2].
Under the identifications of Lemma 3.1, (iii) and (iv), the maps H 0(Se´t, f
♮[1]) and
H 1(Se´t, f
♮[1]) induced by (3.16) are identified with
(3.17) H 0(Se´t, f
♮[1]) = Picf
and
(3.18) H 1(Se´t, f
♮[1]) = Br∗f,
where Br∗f is the map (2.22).
Proposition 3.3. Let f : X → S be a morphism of schemes. Then there exist
canonical exact sequences of abelian groups
(3.19) 0→ NPic(X/S)→ H 0(Se´t,UPicX/S)→ Br
′(X/S)→ 0
and
(3.20) 0→ Br′a(X/S)→ H
1(Se´t,UPicX/S)→ KerH
2(Se´t, f
♮[1])→ 0,
where NPic(X/S), Br ′(X/S) and Br′a(X/S) are the groups (2.15), (2.13) and (2.23),
respectively, and f ♮ is the map (3.13).
Proof. Via the identifications (3.17) and (3.18), the triangle (3.16) induces an exact
sequence of abelian groups
PicS
Picf
−→ PicX → H 0(Se´t,UPicX/S)→ Br
′S
Br∗f
−→ Br′1(X/S )
→ H 1(Se´t,UPicX/S)→ KerH
2(Se´t, f
♮[1])→ 0.
The sequences (3.19) and (3.20) are extracted from the above sequence using the
definitions (2.15), (2.13) and (2.23). 
Corollary 3.4. Let f : X → S be a morphism of schemes.
(i) If Br ′S = 0, or if I(f ) is defined and is equal to 1, then NPic(X/S) =
H 0(Se´t,UPicX/S).
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(ii) If H 3(Se´t,Gm,S) = 0, or if I(f ) is defined and is equal to 1, then Br
′
a(X/S) =
H 1(Se´t,UPicX/S).
Proof. Clearly, Br ′(X/S) ⊆ Br ′S. Now, since H 2(Se´t, f
♮[1]) = H 3(Se´t, i
1
f ◦ f
♭), the
composite map
H 3(Se´t,Gm,S)
H2(f ♮[1])
−→ H 2(Se´t,RDivX/S)
ϕX/S
−→H 3(Xe´t,Gm,X)
is the pullback f (3) : H 3(Se´t,Gm,S) → H
3(Xe´t,Gm,X). Thus KerH
2(Se´t, f
♮[1]) ⊆
Kerf (3) ⊆ H 3(Se´t,Gm,S). Further, if I(f ) is defined, then Br
′(X/S) and Kerf (3) are
annihilated by I(f ) by [GA, Remark 3.1(d)]. The corollary is now immediate from
the proposition. 
Remark 3.5. The condition H 3(Se´t,Gm,S) = 0 in part (ii) of the corollary holds true
if S is the spectrum of a global field k or if S is a non-empty open affine subscheme
of the spectrum of the ring of integers of a number field k or of the unique smooth,
complete and irreducible curve over a finite field with (global) function field k. See
[ADT, Remark II.2.2(a), p. 165]. When S = Spec k, where k is a number field,
and X is a smooth and projective k-variety (so that UPicX/k = PicX/k by Remark
3.7(d) below), the isomorphism in assertion (ii) of the corollary is the isomorphism
Br′a(X/k) = H
1(k,PicXs ) which appears often in the theory of the Brauer–Manin
obstruction (where it is usually derived from the Hochschild-Serre spectral sequence).
Next, an application of Lemma (2.2) to the pair of maps in 3.14, using (3.3),
yields a canonical distinguished triangle in D b(Se´t):
(3.21) RUX/S[1]→UPicX/S → PicX/S → RUX/S [2],
where RUX/S is the complex of relative units (3.11). If f : X → S is schematically
dominant, then f ♭ is injective by [GA, Lemma 2.4] and therefore RUX/S = UX/S . In
this case, (3.21) is a distinguished triangle
(3.22) UX/S [1]→UPicX/S → PicX/S → UX/S [2].
Consequently
(3.23) H−1(UPicX/S) = UX/S
and
(3.24) H 0(UPicX/S) = PicX/S.
The following statement is a broad generalization of [San81, Lemma 6.3].
Proposition 3.6. Let f : X → S be a schematically dominant morphism of schemes.
(i) H r(Se´t,UPicX/S) = 0 for all r ≤ −2.
(ii) H−1(Se´t,UPicX/S) = US(X) (3.12).
(iii) If r ≥ 0, there exists a canonical exact sequence of abelian groups
· · · → H r+1(Se´t, UX/S)→ H
r(Se´t,UPicX/S)→ H
r(Se´t,PicX/S)→ H
r+2(Se´t, UX/S)→ . . . .
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(iv) If I(f ) is defined and is equal to 1, then there exists a canonical exact se-
quence of abelian groups
0 → H1(Se´t, UX/S)→ NPic(X/S)→ PicX/S(S )→ H
2(Se´t, UX/S)
→ Br′a(X/S)→ H
1(Se´t,PicX/S)→ H
3(Se´t, UX/S).
(v) If H 3(Se´t,Gm,S) = 0, then there exists a canonical exact sequence of abelian
groups
PicX/S(S )→ H
2(Se´t, UX/S)→ Br
′
a(X/S)→ H
1(Se´t,PicX/S)→ H
3(Se´t, UX/S).
Proof. Assertions (i)-(iii) follow from the Se´t-cohomology sequence induced by the
triangle (3.22). Assertions (iv) and (v) follow from (iii) using the identifications
NPic(X/S) = H 0(Se´t,UPicX/S) and Br
′
a(X/S) = H
1(Se´t,UPicX/S) of Corollary 3.4.

Remarks 3.7.
(a) If f is schematically dominant and UX/S = 0, then UPicX/S = PicX/S by
(3.22).
(b) Let f : X → S be a quasi-compact and quasi-separated morphism of schemes
such that the canonical map OS → f∗OX is an isomorphism of Zariski sheaves
on S. If T → S is any flat morphism of schemes, then fT : XT → T is quasi-
compact and quasi-separated and OT → (fT )∗OXT is an isomorphism of
Zariski sheaves on T [EGA, III1, Proposition 1.4.15, and IV1, (1.7.21)]. It
follows that f ♭T : Gm,T → (fT)∗Gm,XT is an isomorphism of e´tale sheaves on T .
Thus RUXT/T (3.11) is the zero object of D
b(Te´t). In particular, UXT /T = 0.
(c) Let f : X → S be a proper and dominant morphism of locally noetherian
integral schemes with geometrically integral generic fiber. Assume, in addi-
tion, that S is normal (in particular S is reduced, whence f is schematically
dominant). By [EGA, IV2, Corollary 4.6.3], the function field of S is alge-
braically closed in the function field of X . Thus, by [EGA, III1, Corollary
4.3.12], the canonical map of Zariski sheaves OS → f∗OX is an isomorphism.
Since f is quasi-compact and quasi-separated, we conclude from (b) that
UXT /T = 0 for every flat morphism T → S. Now (a) yields the equality
UPicX/S = PicX/S.
(d) Let X be a smooth and projective k-variety. Then the structural morphism
f : X → Spec k satisfies the conditions stated in (c), whence UX/k = 0 and
therefore UPicX/k = PicX/k. See Remark 3.10 below.
Lemma 3.8. Let f : X → S be a morphism of schemes. If f :X → S has a section,
then the triangle (3.16) splits, i.e., is isomorphic to the triangle
Gm,S[1]→ Gm,S[1]⊕UPicX/S →UPicX/S
0
→ Gm,S[2]
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with canonical unlabeled maps. Consequently,
H r(Se´t,RDivX/S) ≃ H
r+1(Se´t,Gm,S)⊕H
r(Se´t,UPicX/S)
for every r ≥ −1.
Proof. Let σ : S → X be a section of f . The composition of canonical morphisms
in D(Se´t)
Rf∗Gm,X
Rf∗(σ♭)
−→ Rf∗(σ∗Gm,S)→ Rf∗(Rσ∗Gm,S) ≃ R(f∗◦σ∗)Gm,S = Gm,S
induces a morphism α : τ≤1Rf∗Gm,X → Gm,S in D
b(Se´t) such that the composition
f∗Gm,X
i1f
−→ τ≤1Rf∗Gm,X
α
−→ Gm,S
equals f∗(σ
♭). Thus, since f ♮ is the composition of the maps in (3.14), the equa-
tion (2.8) shows that the map α[1] : RDivX/S → Gm,S[1] is a retraction of the map
f ♮[1] : Gm,S [1] → RDivX/S appearing in (3.16). The lemma now follows from [Nee,
Remark 1.2.9, p. 44]. 
Proposition 3.9. Let f : X → S be a morphism of schemes such that the e´tale
index I(f ) is defined and is equal to 1. Then there exists a canonical exact sequence
of abelian groups
0→ Br′2(X/S )→ H
2(Se´t,UPicX/S)→ H
3(Xe´t,Gm,S)/H
3(Se´t,Gm,S),
where Br′2(X/S ) is the group (2.21).
Proof. Since f (3) : H 3(Se´t,Gm,S)→ H
3(Xe´t,Gm,X) factors as
H 3(Se´t,Gm,S)
H2(f ♮[1])
−→ H 2(Se´t,RDivX/S)
ϕX/S
−→H 3(Xe´t,Gm,X),
where ϕX/S is the map (3.9) (see the proof of Corollary 3.4), an application of
Lemma 2.1 to the above pair of maps using Lemma 3.1(v) yields an exact sequence
0→ KerH 2(Se´t, f
♮[1])→ Kerf (3) → Br′2(X/S )→ CokerH
2(Se´t, f
♮[1])→ Coker f (3).
The hypothesis I(f ) = 1 yields Kerf (3) = 0 (see [GA, Remark 3.1(d)]). Fur-
ther, we may write Coker f (3) = H 3(Xe´t,Gm,S)/H
3(Se´t,Gm,S). We will complete
the proof by showing that there exists a canonical isomorphism of abelian groups
CokerH 2(Se´t, f
♮[1]) = H 2(Se´t,UPicX/S). The triangle (3.16) induces an isomorphism
CokerH 2(Se´t, f
♮[1]) ≃ Ker
[
H 2(Se´t,UPicX/S)
∂X/S
−→ H 4(Se´t,Gm,S)
]
where, by Lemma 3.8, the connecting map ∂X/S is zero if f has a section. Let T → S
be a finite e´tale quasi-section of f of constant degree d and consider the commutative
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diagram with exact rows
H 2(Se´t,UPicX/S )
res

// Im∂X/S
res

// 0
H 2(Te´t,UPicXT/T )
tr

0
// Im∂XT/T
tr

// 0
H 2(Se´t,UPicX/S ) // Im∂X/S // 0,
where the maps on the right-hand column are induced by those on the left-hand
column. The left-hand (and therefore also the right-hand) vertical composition is
the multiplication by dmap (see Remark (3.2)). It follows that Im∂X/S is annihilated
by I(f ), which completes the proof. 
Remark 3.10. The proposition generalizes [CTSk, Proposition 1.3, p. 147]. Note
that, in constrast to [loc.cit.], the proof of the above proposition makes no appeal to
the Hochschild-Serre spectral sequence and yields more information than the indi-
cated reference in the particular case considered there (for example, the hypothesis
UX/k = 0 in [loc.cit.] can be avoided if PicX/k is replaced with UPicX/k. See Remark
3.7(d) above).
4. Proof of the main theorem
In this Section we establish the additivity theorem for UPicX/S mentioned in the
Introduction (see Proposition 4.4) and apply it to derive our main Theorem 4.9.
Let f : X → S and g : Y → S be morphisms of schemes and recall the morphisms
pX : X ×S Y → X and pY : X ×S Y → Y . Since f ◦ pX = g ◦ pY = f ×S g, the
canonical maps p♭X : Gm,X → (pX)∗Gm,X×SY and p
♭
Y : Gm,Y → (pY)∗Gm,X×SY induce
maps f∗(p
♭
X) : f∗Gm,X → (f×S g)∗Gm,X×SY and g∗(p
♭
Y ) : g∗Gm,Y → (f×S g)∗Gm,X×SY .
Now the map
ϑ : f∗Gm,X⊕g∗Gm,Y → (f×S g)∗Gm,X×SY
which, on sections, is given by (a, b) 7→ f∗(p
♭
X)(a) ·g∗(p
♭
Y )(b), induces a morphism in
D(Se´t)
(4.1) Rϑ : Rf∗Gm,X⊕Rg∗Gm,Y → R(f×S g)∗Gm,X×SY .
By (2.7), the following diagram commutes
Gm,S⊕Gm,S
(·)

(f♭, g♭)
// f∗Gm,X⊕g∗Gm,Y
ϑ

(i1f , i
1
g )
// τ≤1Rf∗Gm,X⊕τ≤1Rg∗Gm,Y
τ≤1Rϑ

Gm,S
(f×Sg )
♭
// (f×S g)∗Gm,X×SY
i1f×g
// τ≤1R(f×S g)∗Gm,X×SY ,
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where the left-hand vertical map is the multiplication morphism. Consequently, the
following diagram also commutes
Gm,S⊕Gm,S
(·)

(f ♮, g♮)
// τ≤1Rf∗Gm,X⊕τ≤1Rg∗Gm,Y
τ≤1Rϑ

Gm,S
(f×Sg )
♮
// τ≤1R(f×S g)∗Gm,X×SY ,
where the morphisms f ♮, g♮ and (f×S g )
♮ are given by (3.13). Thus, by definition
(3.15), the vertical maps in the preceding diagram define a canonical morphism in
D b(Se´t):
(4.2) UPicX/S⊕UPicY/S → UPicX×SY/S.
We now observe that (4.1) induces a morphism in S∼e´t (namely, H
r(Rϑ)):
(4.3) Rrf∗Gm,X⊕R
rg∗Gm,Y → R
r(f×S g)∗Gm,X×SY
for every integer r ≥ 0. In particular, there exists an induced canonical homomor-
phism of abelian groups
(4.4) Br′X/S(S )⊕Br
′
Y/S(S )→ Br
′
X×SY/S
(S )
which induces, in turn, a homomorphism of abelian groups
(4.5) Br′2(X/S )⊕Br
′
2(Y/S )→ Br
′
2(X×SY/S ),
where Br′2(X/S ) is the group defined in (2.21).
Next, we recall from [GA] the homomorphisms of abelian groups
(4.6) ∇2 : Br ′S → Br ′S ⊕ Br ′S, ξ 7→ (ξ, ξ−1),
(4.7) β2 =
(
f (2), g(2)
)
◦∇2 : Br ′S → Br ′X ⊕Br ′Y, ξ 7→ (f (2)(ξ), g(2)(ξ)−1),
and
(4.8) p2XY : Br
′X ⊕Br ′Y → Br ′(X×SY ), (a, b) 7→ p
(2)
X (a) · p
(2)
Y (b).
Remark 4.1. If the canonical map BrS → Br ′S is an isomorphism (see Remark 2.5),
the composite map
BrS → Br ′S
β2
→ Br ′X ⊕Br ′Y
will also be denoted by β2. Similarly, if the canonical map BrZ → Br ′Z is an
isomorphism for Z = X, Y and X×SY , the map BrX⊕Br Y → Br(X×SY ) induced
by (4.8) will also be denoted by p2XY .
The map (4.8) induces homomorphisms of abelian groups
(4.9) NBr ′(X/S)⊕NBr ′(Y/S)→ NBr ′(X×SY/S),
(4.10) p2XY, 1 : Br
′
1(X/S )⊕Br
′
1(Y/S )→ Br
′
1(X×SY/S)
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and
(4.11) Br′a(X/S)⊕Br
′
a(Y/S )→ Br
′
a(X×SY/S ),
where the groups NBr ′(X/S), Br′1(X/S ) and Br
′
a(X/S) are given by (2.16), (2.20)
and (2.23), respectively.
Lemma 4.2. Let f : X → S and g : Y → S be morphisms of schemes such that the
e´tale index I(f×Sg) is defined and is equal to 1. Then there exists a canonical exact
sequence of abelian groups
0→ Br ′S → Coker β2 → NBr ′(X/S)⊕NBr ′(Y/S)→ 0.
Proof. By definition, β2 factors as
Br ′S
∇2
→֒ Br ′S⊕Br ′S
(f(2), g(2))
→֒ Br ′X⊕Br ′Y,
where the second map is injective since I(f ) = I(g) = I(f×S g) = 1. The lemma
now follows by applying Lemma 2.1 to the above pair of maps noting that Coker∇2
is canonically isomorphic to Br ′S via the multiplication map. 
Proposition 4.3. Let f : X → S and g : X → S be morphisms of schemes. If
f×S g : X×S Y → S has an e´tale quasi-section, then the canonical morphism (4.3)
Rrf∗Gm,X⊕R
rg∗Gm,Y → R
r(f×S g)∗Gm,X×SY
is injective for every r ≥ 1. In particular, the map (4.4)
Br′X/S(S )⊕Br
′
Y/S(S )→ Br
′
X×SY/S
(S )
is injective.
Proof. (After [SZ, Proposition 1.5]) Let α : T→S be an e´tale quasi-section of f×S g.
Since α∗ : S∼e´t → T
∼
e´t is an exact functor and α
∗f∗Gm,X = (fT )∗Gm,XT in T
∼
e´t by [GA,
proof of Lemma 2.5], the edge morphism Rr(fT )∗Gm,XT → α
∗Rrf∗Gm,X induced
by the spectral sequence Rsα∗Rrf∗Gm,X =⇒ R
s+r(fT )∗Gm,XT is an isomorphism.
Analogous statements hold true when f is replaced by g and f ×S g. Thus, by
[SGA3new, IV, Corollary 4.5.8], it suffices to prove the proposition when S is replaced
with T . Since fT×TgT has a section, we may further assume that f×S g : X×SY → S
has a section ρ : S → X×SY . Set σ = pX ◦ρ : S → X and τ = pY ◦ρ : S → Y , which
are sections of f and g, respectively. By standard considerations, we only need to
check that the map
H r(Xe´t,Gm,X)⊕H
r(Ye´t,Gm,Y )→H
r((X×S Y )e´t,Gm,X×SY ), (a, b) 7→ p
(r)
X (a) · p
(r)
Y (b),
is injective if S is a strictly local scheme. Let qτ = 1X×S τ : X → X×S Y and qσ =
σ×S1Y : Y → X×SY . Since pX◦qτ = 1X and pY ◦qσ = 1Y , the compositions q
(r)
τ ◦p
(r)
X
and q
(r)
σ ◦p
(r)
Y are the identity maps onH
r(Xe´t,Gm,X) andH
r(Ye´t,Gm,Y ), respectively.
In particular, both p
(r)
X and p
(r)
Y are injective. On the other hand, since pX ◦ qσ = σ,
pY ◦ qτ = τ and the higher e´tale cohomology of a strictly local scheme is trivial,
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the compositions q
(r)
σ ◦ p
(r)
X and q
(r)
τ ◦ p
(r)
Y are the trivial maps on H
r(Xe´t,Gm,X) and
H r(Ye´t,Gm,Y ), respectively. It follows that p
(r)
X H
r(Xe´t,Gm,X) ∩ p
(r)
Y H
r(Ye´t,Gm,Y ) =
1, where the intersection takes place inside H r((X×S Y )e´t,Gm,X×SY ). We conclude
that p
(r)
X (a) · p
(r)
Y (b) = 1 if, and only if, p
(r)
X (a) = p
(r)
Y (b) = 1. Since both maps p
(r)
X
and p
(r)
Y are injective, the proposition follows. 
Proposition 4.4. Let S be a locally noetherian normal scheme and let f : X → S
and g : Y → S be faithfully flat morphisms locally of finite type. Assume that
(i) f×S g has an e´tale quasi-section,
(ii) the strict henselisations of the local rings of X, Y and X×S Y are factorial,
(iii) for every point s ∈ S of codimension ≤ 1, the fibers Xs and Ys are geomet-
rically integral and
(iv) for every maximal point η of S,
(a) gcd(I(Xη), I(Yη)) = 1 and
(b) Pic(X sη×k(η)s Y
s
η )
Γ (η) = (PicX sη)
Γ (η)⊕ (Pic Y sη )
Γ (η).
Then the canonical map (4.2)
UPicX/S ⊕ UPicY/S → UPicX×SY/S
is an isomorphism in D b(Se´t).
Proof. Note that f, g and f×S g are schematically dominant and therefore (3.23)
and (3.24) are valid for each of these morphisms. Now, by (i), (iii) and [GA,
Corollary 4.3], the map UX/S ⊕UY/S → UX×SY/S , i.e., H
−1(UPicX/S ⊕UPicY/S) →
H−1(UPicX×SY/S) (3.23), is an isomorphism of e´tale sheaves on S. On the other
hand, since PicX/S is the e´tale sheaf on S associated to the presheaf T 7→ NPic(XT/T )
[Klei, Definition 9.2.2, p. 252], in order to check that H 0(UPicX/S ⊕ UPicY/S) →
H 0(UPicX×SY/S), i.e., PicX/S ⊕ PicY/S → PicX×SY /S (3.24), is an isomorphism of
e´tale sheaves on S, it suffices to check that, for every e´tale and surjective morphism
h : T → S, the canonical map
(4.12) NPic(XT/T )⊕ NPic(YT/T ) 7→ NPic(XT×T YT/T )
is an isomorphism of abelian groups. By (ii), XT , YT and XT ×T YT are locally
factorial. Further, it is not difficult to verify that hypotheses (iii) and (iv) are
stable under the base change h : T → S (this verification makes use of the following
observation: if η ′ is a maximal point of T , then η = h(η ′) is a maximal point of
S and I((XT)η′) | I(Xη) by (2.4)). Now Proposition 2.7 shows that (4.12) is an
isomorphism. 
The following corollary of the proposition is a variant of [San81, Lemma 6.6(ii)].
Corollary 4.5. Let S be a locally noetherian regular scheme and let f : X → S and
g : Y → S be smooth and surjective morphisms. Assume that
(i) either
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(a) H 3(Se´t,Gm,S) = 0 or
(b) I(f×S g) is defined and is equal to 1,
(ii) for every point s ∈ S of codimension ≤ 1, the fibers Xs and Ys are geomet-
rically integral, and
(iii) for every maximal point η of S,
(a) gcd(I(Xη), I(Yη)) = 1 and
(b) Pic(X sη×k(η)s Y
s
η )
Γ (η) = (PicX sη)
Γ (η)⊕ (Pic Y sη )
Γ (η).
Then the canonical map (4.11)
Br′a(X/S)⊕Br
′
a(Y/S )→ Br
′
a(X×SY/S )
is an isomorphism of abelian groups.
Proof. Hypothesis (i) of Proposition 4.4 clearly holds since f×S g is smooth. On
the other hand, since S is regular and f and g are smooth, X, Y and X ×S Y are
regular as well [EGA, IV4, Proposition 17.5.8(iii)], whence the strict henselization of
every local ring of X, Y and X×SY is regular (and therefore factorial) [SP, Lemma
15.41.10]. Thus hypothesis (ii) of Proposition 4.4 also holds. Thus all the hypotheses
of Proposition 4.4 hold, whence the canonical morphism UPicX/S ⊕ UPicY/S →
UPicX×SY/S is an isomorphism in D
b(Se´t) which induces an isomorphism of abelian
groups H 1(Se´t,UPicX/S) ⊕ H
1(Se´t,UPicY/S)
∼
→ H 1(Se´t,UPicX×SY/S). Finally, since
I(f ) and I(g) both divide I(f×S g), hypothesis (i) and Corollary 3.4(ii) together
show that Br ′a(Z/S) = H
1(Se´t,UPicZ/S) for Z = X, Y and X ×S Y , whence the
corollary follows. 
Proposition 4.6. Let S be a locally noetherian regular scheme and let f : X → S
and g : Y → S be smooth and surjective morphisms. Assume that
(i) the e´tale index I(f×S g) is defined and is equal to 1,
(ii) for every point s ∈ S of codimension ≤ 1, the fibers Xs and Ys are geomet-
rically integral, and
(iii) for every maximal point η of S,
Pic(X sη×k(η)s Y
s
η )
Γ (η) = (PicX sη)
Γ (η)⊕ (Pic Y sη )
Γ (η).
Then there exist canonical exact sequences of abelian groups
0→ Br ′S → Br′1(X/S )⊕Br
′
1(Y/S )→ Br
′
1(X×SY/S)→ 0,
where the first nontrivial map is induced by (4.7) and the second nontrivial map is
(4.10), and
(4.13)
0→ NBr ′(X/S)⊕NBr ′(Y/S)→ NBr ′(X×SY/S) →
Br′X×SY/S(S )
Br′X/S(S )⊕Br
′
Y/S(S )
→
Br′2(X×SY/S )
Br′2(X/S )⊕Br
′
2(Y/S )
→ 0,
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where the first nontrivial map is (4.9).
Proof. The sequence (2.27) induces commutative diagrams of abelian groups with
exact rows
0 // Br ′(X/S)⊕Br ′(Y/S )
≃

// Br ′S⊕Br ′S
( · )


// ImBr∗f⊕ImBr∗g


// 0
0 // Br ′(X×SY/S) // Br
′S // ImBr∗(f×S g) // 0.
and
0 // ImBr∗f⊕ImBr∗g


// Br′1(X/S )⊕Br
′
1(Y/S ) // //

Br′a(X/S)⊕Br
′
a(Y/S )
≃

// 0
0 // ImBr∗(f×S g) // Br
′
1(X×SY/S) // // Br
′
a(X×SY/S ) // 0.
In the first diagram, the left-hand vertical map is an isomorphism by (i) and [GA,
Proposition 3.2]. The middle vertical map in the first diagram is clearly surjective
and its kernel can be identified with Br ′S via the map (4.6). In the second diagram,
the right-hand vertical map is an isomorphism by Corollary 4.5 (note that, by (2.5),
(i) implies hypothesis (iii)(a) of Corollary 4.5). The first sequence of the proposition
now follows by applying the snake lemma to both diagrams above.
Next, by (i), I(f ) = I(g) = 1. Thus, by Proposition 3.9, there exists a canonical
commutative diagram with exact rows
(4.14) 0 // Br′2(X/S )⊕Br
′
2(Y/S )

// H 2(Se´t,UPicX/S)⊕H
2(Se´t,UPicY/S)
≃

0 // Br′2(X×SY/S ) // H
2(Se´t,UPicX×SY/S),
where the right-hand vertical map is an isomorphism by Proposition 4.4 (see the
proof of Corollary 4.5). Next we will split the four-column commutative diagram
with exact rows induced by the sequences (2.29) for f, g and f×S g. Set
I = Ker
[
Br′X/S(S )⊕Br
′
Y/S(S )։ Br
′
2(X/S )⊕Br
′
2(Y/S )
]
and
J = Ker
[
Br′X×SY/S(S )։ Br
′
2(X×SY/S )
]
,
where the indicated maps are induced by the projections in the sequences (2.29) for
f, g and f×S g. Then the rows of the following commutative diagrams are exact
(4.15) 0 // Br′a(X/S)⊕Br
′
a(Y/S )
//
≃

NBr ′(X/S)⊕NBr ′(Y/S) //

I // _

0
0 // Br′a(X×SY/S ) // NBr
′(X×SY/S) // J // 0
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and
(4.16) 0 // I // _

Br′X/S(S )⊕Br
′
Y/S(S )
//
 _

Br′2(X/S )⊕Br
′
2(Y/S )
//
 _

0
0 // J // Br′X×SY/S(S )
// Br′2(X×SY/S ) // 0.
The middle vertical map in (4.16) is injective since, by smoothness, f×S g has an
e´tale quasi-section and Proposition 4.3 applies. On the other hand, diagram (4.14)
shows that the third vertical map in (4.16) is injective. We conclude that the first
vertical map in (4.16) (which is the same as the third vertical map in (4.15)) is
injective. The left-hand vertical map in (4.15) is an isomorphism by Corollary 4.5.
The sequence (4.13) now follows by applying the snake lemma to diagrams (4.15)
and (4.16) and assembling the resulting exact sequences. 
The following statement is an immediate consequence of the exactness of (4.13).
Corollary 4.7. Let the notation and hypotheses be those of the proposition. If
Br′X×SY/S(S ) = Br
′
X/S(S )⊕Br
′
Y/S(S ), then the canonical map
NBr ′(X/S)⊕NBr ′(Y/S)→ NBr ′(X×SY/S)
is an isomorphism. Consequently, there exists a canonical exact sequence of abelian
groups
0→ Br ′S → Br ′(X×SY )→ NBr
′(X/S)⊕NBr ′(Y/S)→ 0.
Remark 4.8. If S = Spec k, where k is a field, and the morphisms f : X → Spec k and
g : X → Spec k are quasi-compact and quasi-separated, the groups I and J which
appear in the proof of Proposition 4.6 are canonically isomorphic, respectively, to the
direct sum of the transcendental Brauer groups of X and Y and the transcendental
Brauer group of X×kY defined in Remark 2.6(c). Thus the proof of the proposition
yields the following: if X and Y are smooth k-varieties such that I(X×kY ) = 1 and
Pic(X s×k sY
s)Γ = (PicX s)Γ⊕(Pic Y s)Γ , then the canonical map of transcendental
Brauer groups
Br ′t(X/k)⊕ Br
′
t(Y/k)→ Br
′
t(X×k Y/k)
is injective.
We can now prove the main theorem of this paper.
Theorem 4.9. Let S be a locally noetherian regular scheme and let f : X → S and
g : Y → S be smooth and surjective morphisms. Assume that
(i) the e´tale index I(f×S g) is defined and is equal to 1,
(ii) for every point s ∈ S of codimension ≤ 1, the fibers Xs and Ys are geomet-
rically integral, and
(iii) for every maximal point η of S,
Pic(X sη×k(η)s Y
s
η )
Γ (η) = (PicX sη)
Γ (η)⊕ (Pic Y sη )
Γ (η).
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Then there exists a canonical exact sequence of abelian groups
0→ Br ′S
β2
→ Br ′X⊕Br ′Y
p2XY→ Br ′(X×S Y ) →
Br′X×SY/S(S )
Br′X/S(S )⊕Br
′
Y/S(S )
→
Br′2(X×SY/S )
Br′2(X/S )⊕Br
′
2(Y/S )
→ 0,
where β2 and p2XY are the maps (4.7) and (4.8), respectively.
Proof. The theorem follows from the sequence (4.13) by applying the snake lemma
to the commutative diagram with exact rows
0 // Br ′S⊕Br ′S
(f(2), g(2))
//
( · )


Br ′X⊕Br ′Y //
p2XY

NBr ′(X/S) ⊕ NBr ′(Y/S)
 _

// 0
0 // Br ′S
(f×S g)
(2)
// Br ′(X×SY ) // NBr
′(X×SY/S) // 0.

Remarks 4.10.
(a) The theorem yields an isomorphism Imp2XY ≃ Coker β
2. Thus, by Lemma
4.2, Imp2XY ⊆ Br
′(X×SY ) is an extension of NBr
′(X/S)⊕NBr ′(Y/S) by Br ′S,
i.e., there exists a canonical exact sequence of abelian groups
0→ Br ′S → Imp2XY → NBr
′(X/S)⊕NBr ′(Y/S)→ 0.
(b) The proof of the theorem yields a canonical isomorphism
Coker p2XY =
NBr ′(X×SY/S)
NBr ′(X/S)⊕NBr ′(Y/S)
.
Thus p2XY is surjective if, and only if, the canonical injection NBr
′(X/S)⊕
NBr ′(Y/S) →֒ NBr ′(X×SY/S) is an isomorphism.
5. Applications
In this paper we only discuss applications of Theorem 4.9 to smooth varieties over
a field.
The following statement is a particular case of Theorem 4.9 (recall that Br ′X/k(k) =
(Br ′Xs)Γ by Remark 2.6(c)):
Proposition 5.1. Let k be a field and let X and Y be smooth k-varieties. Assume
that
(i) I(X×kY ) = 1 and
(ii) Pic(X s×k s Y
s)Γ = (PicX s)Γ ⊕ (Pic Y s)Γ .
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Then there exists a canonical exact sequence of abelian groups
0→ Brk
β2
→Br ′X ⊕Br ′Y
p2XY→ Br ′(X×kY ) →
Br ′(Xs×k sY
s)Γ
(Br ′Xs)Γ ⊕ (Br ′Y s)Γ
→
Br ′2(X×kY/k)
Br ′2(X/k)⊕Br
′
2(Y/k)
→ 0.
where β2 is (induced by) the map (4.7) and p2XY is the map (4.8).
Remarks 5.2.
(a) Hypothesis (ii) of the proposition is satisfied by pairs of (possibly non-
projective) smooth k-varieties X, Y such that either Xs or Y s is rational.
See [GA, Example 5.9(a)].
(b) Note that the group Br ′(Xs×k sY
s)Γ/ (Br ′Xs)Γ⊕(Br ′Y s)Γ which appears in
the sequence of the proposition is canonically isomorphic to a subgroup of
(Br ′(Xs×k sY
s)/Br ′Xs⊕Br ′Y s)
Γ
.
Corollary 5.3. Let k be a field and let X and Y be smooth and projective k-
varieties. Assume that
(i) I(X×k Y ) = 1 and
(ii) Homk(A,B) = 0, where A and B are the Picard varieties of X and Y ,
respectively.
Then there exists a canonical exact sequence of abelian groups
0→ Brk →BrX ⊕BrY → Br(X×k Y ) →
Br(Xs×k sY
s)Γ
(BrXs)Γ⊕(BrY s)Γ
→
Br2(X×kY/k)
Br2(X/k)⊕Br2(Y/k)
→ 0.
Proof. Under the stated hypotheses, [GA, proof of Proposition 5.10] shows that
Pic(X s×k sY
s)Γ = (PicX s)Γ⊕(Pic Y s)Γ . Thus, in conjunction with Remark 2.6(d),
the corollary is immediate from the proposition. 
Remark 5.4. Hypothesis (ii) of the corollary holds in many cases of interest. See
[GA, Examples 5.12].
Theorem 5.5. Let k be a field of characteristic zero and let X and Y be smooth
and projective k-varieties. Assume that
(i) the geometric Ne´ron-Severi groups NS(Xs) and NS(Y s) are torsion-free,
(ii) either H1(Xs,OXs) = 0 or H
1(Y s,OY s) = 0 and
(iii) I(X×k Y ) = 1.
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Then there exists a canonical exact sequence of abelian groups
0→ Brk
β2
−→BrX⊕BrY
p2XY−→ Br(X×kY )→ 0,
where β2 and p2XY are (induced by) the maps (4.7) and (4.8), respectively. Conse-
quently
(a) every Azumaya algebra on X×k Y is equivalent to a tensor product of pull-
backs of an Azumaya algebra on X and an Azumaya algebra on Y , and
(b) there exists a canonical exact sequence of abelian groups
0→ Brk → Br(X×kY )→ (BrX/Brk)⊕ (BrY/Brk)→ 0.
If (X×kY )(k) 6= ∅, then the choice of a k-rational point onX×kY determines
a splitting of the preceding sequence and
Br(X×kY ) ≃ Brk ⊕ (BrX/Brk)⊕ (BrY/Brk).
Proof. By Remark 5.2(b) and Corollary 5.3, it suffices to check that Br(Xs×k s Y
s ) =
BrXs⊕Br Y s. If A and B denote the Picard varieties of X and Y , respectively, then
the indicated equality follows from [SZ, §2.9, (20)] using hypothesis (i) and noting
that, by (ii), either A = 0 or B = 0 since dimA ≤ dimksH
1(Xs,OXs) by [FGA-236,
Theorem 2.10(iii)] (and similarly for Y s). 
Remark 5.6. If k is a field of positive characteristic p then, under hypotheses (i)
and (ii) of the proposition, the quotient Br(Xs×k s Y
s )Γ/(BrXs)Γ ⊕ (Br Y s)Γ in the
sequence of Corollary 5.3 is a p-primary torsion abelian group. See [SZ, §2.9].
Corollary 5.7. Let k be a field of characteristic zero and let C be the full subcategory
of (Sch/k) whose objects are the smooth and projective k-varieties X such that
(i) NS(Xs) is torsion-free,
(ii) H1(Xs,OXs) = 0 and
(iii) X(k) 6= ∅.
Then C is stable under products and the functor C → Ab, X 7→ BrX/Brk, is
additive, i.e., for every pair of objects X, Y in C , the homomorphism of abelian
groups induced by p2XY (4.8)
Br(X×kY )/Brk → (BrX/Brk)⊕ (BrY/Brk)
is an isomorphism. If, in addition, Br k = 0, then Br(−) is an additive functor on
C .
Proof. Condition (iii) is clearly stable under products and (ii) is also stable by the
Ku¨nneth formula [EGA, III2, (6.7.8.1)]. On the other hand, by (ii) and [SZ, Propo-
sition 1.7], NS(Xs×k sY
s) = NS(Xs)⊕ NS(Y s) for every pair of objects X, Y in C ,
whence (i) is stable under products as well. The second assertion of the corollary is
immediate from the exactness of the sequence in part (b) of the theorem. 
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